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We present a previously unexplored forward-mode differentiation method for Maxwell’s equations,
with applications in the field of sensitivity analysis. This approach yields exact gradients and is sim-
ilar to the popular adjoint variable method, but provides a significant improvement in both memory
and speed scaling for problems involving several output parameters, as we analyze in the context
of finite-difference time-domain (FDTD) simulations. Furthermore, it provides an exact alterna-
tive to numerical derivative methods, based on finite-difference approximations. To demonstrate
the usefulness of the method, we perform sensitivity analysis of two problems. First we compute
how the spatial near-field intensity distribution of a scatterer changes with respect to its dielectric
constant. Then, we compute how the spectral power and coupling efficiency of a surface grating
coupler changes with respect to its fill factor.
I. INTRODUCTION
The ability to differentiate Maxwell’s equations is es-
sential to many important problems in optimization and
device design. For example, when performing inverse
design of a photonic device, one typically computes the
gradient of its figure of merit (FOM) with respect to nu-
merous design parameters, which can then be used to
perform optimization over a large parameter space [1–4].
One might also wish to compute how a distribution of
output properties, such as the spatial distribution of the
electromagnetic energy, changes with respect to a single
design parameter, such as the material’s dielectric con-
stant. In general, we may consider both of these problems
as instances where we wish to compute the Jacobian of a
function F : Rm 7→ Rn, which maps m input parameters
to n output properties through a simulation of Maxwell’s
equations.
The most straightforward approach to computing the
Jacobian of F is through approximate finite-difference
methods. Here, each of the m input parameters are indi-
vidually perturbed by a small amount and the resulting
change in outputs is measured. As such, this technique
requires at least one additional simulation per input pa-
rameter in addition to the original simulation. On the
other hand, the number of simulations scales in constant
time with the number of outputs, n. This method is
therefore ideal for problems with few inputs and many
outputs (m n), such as computing the change in sev-
eral properties of the system with respect to a single pa-
rameter. In contrast, finite difference methods are highly
costly in the opposing situation when m n. Moreover,
the derivatives computed using finite difference methods
are not exact and depend crucially on the choice of nu-
merical step size for each parameter.
The adjoint method is another common approach for
computing derivatives, which may be derived using the
method of Lagrange multipliers [5–9]. Unlike finite-
∗ shanhui@stanford.edu
difference methods, the adjoint method yields exact gra-
dients as it involves a numerical evaluation of the analyti-
cal Jacobian of the system. Additionally, while it requires
one additional adjoint simulation for each output quan-
tity, the number of simulations is constant with respect
to the number of input parameters, m. This makes the
adjoint method optimal for many inverse design and opti-
mization problems in photonics, where F typically takes
a large number of design parameters as the input and
returns a single, scalar FOM (i.e. n = 1 and m n).
In this work, we introduce a third alternative method
for computing the Jacobian of a function involving
Maxwell’s equations. We refer to our method as forward-
mode differentiation (FMD) as it is known in the field
of automatic differentiation [10, 11]. FMD is closely re-
lated to the adjoint method, which is often referred to
as reverse-mode differentiation. Therefore, like the ad-
joint method, FMD provides exact gradients, but has
similar time and memory scaling as finite-difference ap-
proaches. As we will show, these properties may serve
useful in a wide range of problems and FMD is, there-
fore, an important addition to the toolkit of numerical
electromagnetics.
To visually compare the above three approaches, in
Fig. 1a we diagram the computation of F as a function
of input parameters φ through a simulation of Maxwell’s
equations, which provide the evolution of the electromag-
netic field in time as denoted by u(t). To compute the
Jacboian of F , the FMD algorithm requires one addi-
tional electromagnetic simulation per parameter (u˜j(t)),
which we show corresponds to the forward propagation
of derivative information in the system. On the other
hand, in the adjoint method, one additional electromag-
netic simulation is required per output parameter (λi(t)),
which can be interpreted as the backward propagation of
derivative information through the system [12].
The remainder of this paper is outlined as follows. In
Section II, we first derive the basic form of FMD for
a general problem involving Maxwell’s equations in the
time-domain and compare its mathematical structure to
that of the adjoint and finite-difference methods. In Sec-
tion III, we demonstrate FMD in two practical problems:
ar
X
iv
:1
90
8.
10
50
7v
1 
 [p
hy
sic
s.o
pti
cs
]  
28
 A
ug
 20
19
2u(t)
<latexit sha1_base64="pu6bS1jmw wQCIHG9USIlBZHge3E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi 8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lr fztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wST u9zvPHFjRaQfcRpzX9GRFqFgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfRixRXC OT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+k VFk7VUHWqSiO7bKXi/95vQTDGz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZr YSNqaEMs3jKWQje8surpH1Z99y693BVbdwWcZTgFM6gBh5cQwPuoQktYDCGZ3i FN0c5L86787FoXXOKmRP4A+fzB300jdw=</latexit><latexit sha1_base64="pu6bS1jmw wQCIHG9USIlBZHge3E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi 8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lr fztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wST u9zvPHFjRaQfcRpzX9GRFqFgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfRixRXC OT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+k VFk7VUHWqSiO7bKXi/95vQTDGz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZr YSNqaEMs3jKWQje8surpH1Z99y693BVbdwWcZTgFM6gBh5cQwPuoQktYDCGZ3i FN0c5L86787FoXXOKmRP4A+fzB300jdw=</latexit><latexit sha1_base64="pu6bS1jmw wQCIHG9USIlBZHge3E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi 8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lr fztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wST u9zvPHFjRaQfcRpzX9GRFqFgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfRixRXC OT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+k VFk7VUHWqSiO7bKXi/95vQTDGz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZr YSNqaEMs3jKWQje8surpH1Z99y693BVbdwWcZTgFM6gBh5cQwPuoQktYDCGZ3i FN0c5L86787FoXXOKmRP4A+fzB300jdw=</latexit><latexit sha1_base64="pu6bS1jmw wQCIHG9USIlBZHge3E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi 8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lr fztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wST u9zvPHFjRaQfcRpzX9GRFqFgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfRixRXC OT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+k VFk7VUHWqSiO7bKXi/95vQTDGz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZr YSNqaEMs3jKWQje8surpH1Z99y693BVbdwWcZTgFM6gBh5cQwPuoQktYDCGZ3i FN0c5L86787FoXXOKmRP4A+fzB300jdw=</latexit>
F ( )
<latexit sha1_base64="6FpXtAlP9i lzQgBXDZr07uxJvhs=">AAACDnicbVBNS8MwGE7n16xfVY9eimOwXUYrgh6Hgnic 4D5gLSNNsy0sTUqSCqP0F3jxr3jxoIhXz978N6ZdD7r5QMiT531f8rxPEFMileN 8G5W19Y3Nreq2ubO7t39gHR71JE8Ewl3EKReDAEpMCcNdRRTFg1hgGAUU94PZdV 7vP2AhCWf3ah5jP4ITRsYEQaWlkVWvJw3VNL2A0zCCapreZI3iIeeRvlIvnpKsOb JqTsspYK8StyQ1UKIzsr68kKMkwkwhCqUcuk6s/BQKRRDFmeklEscQzeAEDzVlM MLST4t1MruuldAec6EPU3ah/p5IYSRze7oztyyXa7n4X22YqPGlnxIWJwoztPho nFBbcTvPxg6JwEjRuSYQCaK92mgKBURKJ2jqENzllVdJ76zlOi337rzWvirjqIIT cAoawAUXoA1uQQd0AQKP4Bm8gjfjyXgx3o2PRWvFKGeOwR8Ynz+saJvk</latex it><latexit sha1_base64="6FpXtAlP9i lzQgBXDZr07uxJvhs=">AAACDnicbVBNS8MwGE7n16xfVY9eimOwXUYrgh6Hgnic 4D5gLSNNsy0sTUqSCqP0F3jxr3jxoIhXz978N6ZdD7r5QMiT531f8rxPEFMileN 8G5W19Y3Nreq2ubO7t39gHR71JE8Ewl3EKReDAEpMCcNdRRTFg1hgGAUU94PZdV 7vP2AhCWf3ah5jP4ITRsYEQaWlkVWvJw3VNL2A0zCCapreZI3iIeeRvlIvnpKsOb JqTsspYK8StyQ1UKIzsr68kKMkwkwhCqUcuk6s/BQKRRDFmeklEscQzeAEDzVlM MLST4t1MruuldAec6EPU3ah/p5IYSRze7oztyyXa7n4X22YqPGlnxIWJwoztPho nFBbcTvPxg6JwEjRuSYQCaK92mgKBURKJ2jqENzllVdJ76zlOi337rzWvirjqIIT cAoawAUXoA1uQQd0AQKP4Bm8gjfjyXgx3o2PRWvFKGeOwR8Ynz+saJvk</latex it><latexit sha1_base64="6FpXtAlP9i lzQgBXDZr07uxJvhs=">AAACDnicbVBNS8MwGE7n16xfVY9eimOwXUYrgh6Hgnic 4D5gLSNNsy0sTUqSCqP0F3jxr3jxoIhXz978N6ZdD7r5QMiT531f8rxPEFMileN 8G5W19Y3Nreq2ubO7t39gHR71JE8Ewl3EKReDAEpMCcNdRRTFg1hgGAUU94PZdV 7vP2AhCWf3ah5jP4ITRsYEQaWlkVWvJw3VNL2A0zCCapreZI3iIeeRvlIvnpKsOb JqTsspYK8StyQ1UKIzsr68kKMkwkwhCqUcuk6s/BQKRRDFmeklEscQzeAEDzVlM MLST4t1MruuldAec6EPU3ah/p5IYSRze7oztyyXa7n4X22YqPGlnxIWJwoztPho nFBbcTvPxg6JwEjRuSYQCaK92mgKBURKJ2jqENzllVdJ76zlOi337rzWvirjqIIT cAoawAUXoA1uQQd0AQKP4Bm8gjfjyXgx3o2PRWvFKGeOwR8Ynz+saJvk</latex it><latexit sha1_base64="6FpXtAlP9i lzQgBXDZr07uxJvhs=">AAACDnicbVBNS8MwGE7n16xfVY9eimOwXUYrgh6Hgnic 4D5gLSNNsy0sTUqSCqP0F3jxr3jxoIhXz978N6ZdD7r5QMiT531f8rxPEFMileN 8G5W19Y3Nreq2ubO7t39gHR71JE8Ewl3EKReDAEpMCcNdRRTFg1hgGAUU94PZdV 7vP2AhCWf3ah5jP4ITRsYEQaWlkVWvJw3VNL2A0zCCapreZI3iIeeRvlIvnpKsOb JqTsspYK8StyQ1UKIzsr68kKMkwkwhCqUcuk6s/BQKRRDFmeklEscQzeAEDzVlM MLST4t1MruuldAec6EPU3ah/p5IYSRze7oztyyXa7n4X22YqPGlnxIWJwoztPho nFBbcTvPxg6JwEjRuSYQCaK92mgKBURKJ2jqENzllVdJ76zlOi337rzWvirjqIIT cAoawAUXoA1uQQd0AQKP4Bm8gjfjyXgx3o2PRWvFKGeOwR8Ynz+saJvk</latex it>
 
<latexit sha1_ba se64="+o7RSRJnuGWa9+bK4sj0Mz0IOv k=">AAACIXicbVBNS8MwGE79nPWr6tFL cQy2y2hFcMehIB4nuA9Yy0jTbAtLk5K kwij9K178K148KLKb+GdMux5084WQJ8/ zvuR9niCmRCrH+TI2Nre2d3Yre+b+weH RsXVy2pM8EQh3EadcDAIoMSUMdxVRFA 9igWEUUNwPZre53n/CQhLOHtU8xn4EJ4 yMCYJKUyOrVUvqqmHWvIDTMIJqmt5l9e Ih55G+Ui+ekqxhrlEjq+o0naLsdeCWo ArK6oyshRdylESYKUShlEPXiZWfQqEIo jgzvUTiGKIZnOChhgxGWPpp4TCza5oJ7 TEX+jBlF+zviRRGMt9Od+Ym5KqWk/9p w0SNW35KWJwozNDyo3FCbcXtPC47JAIj RecaQCSI3tVGUyggUjpUU4fgrlpeB73L pus03YeravumjKMCzsEFqAMXXIM2uAc d0AUIPINX8A4+jBfjzfg0FsvWDaOcOQN /yvj+Acxvo/k=</latexit><latexit sha1_ba se64="+o7RSRJnuGWa9+bK4sj0Mz0IOv k=">AAACIXicbVBNS8MwGE79nPWr6tFL cQy2y2hFcMehIB4nuA9Yy0jTbAtLk5K kwij9K178K148KLKb+GdMux5084WQJ8/ zvuR9niCmRCrH+TI2Nre2d3Yre+b+weH RsXVy2pM8EQh3EadcDAIoMSUMdxVRFA 9igWEUUNwPZre53n/CQhLOHtU8xn4EJ4 yMCYJKUyOrVUvqqmHWvIDTMIJqmt5l9e Ih55G+Ui+ekqxhrlEjq+o0naLsdeCWo ArK6oyshRdylESYKUShlEPXiZWfQqEIo jgzvUTiGKIZnOChhgxGWPpp4TCza5oJ7 TEX+jBlF+zviRRGMt9Od+Ym5KqWk/9p w0SNW35KWJwozNDyo3FCbcXtPC47JAIj RecaQCSI3tVGUyggUjpUU4fgrlpeB73L pus03YeravumjKMCzsEFqAMXXIM2uAc d0AUIPINX8A4+jBfjzfg0FsvWDaOcOQN /yvj+Acxvo/k=</latexit><latexit sha1_ba se64="+o7RSRJnuGWa9+bK4sj0Mz0IOv k=">AAACIXicbVBNS8MwGE79nPWr6tFL cQy2y2hFcMehIB4nuA9Yy0jTbAtLk5K kwij9K178K148KLKb+GdMux5084WQJ8/ zvuR9niCmRCrH+TI2Nre2d3Yre+b+weH RsXVy2pM8EQh3EadcDAIoMSUMdxVRFA 9igWEUUNwPZre53n/CQhLOHtU8xn4EJ4 yMCYJKUyOrVUvqqmHWvIDTMIJqmt5l9e Ih55G+Ui+ekqxhrlEjq+o0naLsdeCWo ArK6oyshRdylESYKUShlEPXiZWfQqEIo jgzvUTiGKIZnOChhgxGWPpp4TCza5oJ7 TEX+jBlF+zviRRGMt9Od+Ym5KqWk/9p w0SNW35KWJwozNDyo3FCbcXtPC47JAIj RecaQCSI3tVGUyggUjpUU4fgrlpeB73L pus03YeravumjKMCzsEFqAMXXIM2uAc d0AUIPINX8A4+jBfjzfg0FsvWDaOcOQN /yvj+Acxvo/k=</latexit><latexit sha1_ba se64="+o7RSRJnuGWa9+bK4sj0Mz0IOv k=">AAACIXicbVBNS8MwGE79nPWr6tFL cQy2y2hFcMehIB4nuA9Yy0jTbAtLk5K kwij9K178K148KLKb+GdMux5084WQJ8/ zvuR9niCmRCrH+TI2Nre2d3Yre+b+weH RsXVy2pM8EQh3EadcDAIoMSUMdxVRFA 9igWEUUNwPZre53n/CQhLOHtU8xn4EJ4 yMCYJKUyOrVUvqqmHWvIDTMIJqmt5l9e Ih55G+Ui+ekqxhrlEjq+o0naLsdeCWo ArK6oyshRdylESYKUShlEPXiZWfQqEIo jgzvUTiGKIZnOChhgxGWPpp4TCza5oJ7 TEX+jBlF+zviRRGMt9Od+Ym5KqWk/9p w0SNW35KWJwozNDyo3FCbcXtPC47JAIj RecaQCSI3tVGUyggUjpUU4fgrlpeB73L pus03YeravumjKMCzsEFqAMXXIM2uAc d0AUIPINX8A4+jBfjzfg0FsvWDaOcOQN /yvj+Acxvo/k=</latexit>
u˜j(t)
<latexit sha1_base64="YFEu8UHiVz GjID6AFOq99GrVUbY=">AAACMXicbVDLSsNAFJ3UV42vqEs3wVKom5KIoMuiIF1W sA9oS5lMJu3YyYOZG6GE/JIb/0TcdKGIW3/CSRpBWy8Mc+bcc+/ce5yIMwmWNdd Ka+sbm1vlbX1nd2//wDg86sgwFoS2SchD0XOwpJwFtA0MOO1FgmLf4bTrTG+yfP eRCsnC4B5mER36eBwwjxEMihoZzWpcgzO9OnBC7voYJsltWssfcuarKxlEE5b+CH 5z+gAYd2kSp6MH1WJkVKy6lYe5CuwCVFARrZHxMnBDEvs0AMKxlH3bimCYYAGMc Krax5JGmEzxmPYVDLBP5TDJN07NqmJc0wuFOgGYOfu7IsG+zIZVymwpuZzLyP9y /Ri8q2HCgigGGpDFR17MTQjNzD7TZYIS4DMFMBFMzWqSCRaYgDJZVybYyyuvgs55 3bbq9t1FpXFd2FFGJ+gU1ZCNLlEDNVELtRFBT+gVvaF37Vmbax/a50Ja0oqaY/Q ntK9vFQOqMQ==</latexit><latexit sha1_base64="YFEu8UHiVz GjID6AFOq99GrVUbY=">AAACMXicbVDLSsNAFJ3UV42vqEs3wVKom5KIoMuiIF1W sA9oS5lMJu3YyYOZG6GE/JIb/0TcdKGIW3/CSRpBWy8Mc+bcc+/ce5yIMwmWNdd Ka+sbm1vlbX1nd2//wDg86sgwFoS2SchD0XOwpJwFtA0MOO1FgmLf4bTrTG+yfP eRCsnC4B5mER36eBwwjxEMihoZzWpcgzO9OnBC7voYJsltWssfcuarKxlEE5b+CH 5z+gAYd2kSp6MH1WJkVKy6lYe5CuwCVFARrZHxMnBDEvs0AMKxlH3bimCYYAGMc Krax5JGmEzxmPYVDLBP5TDJN07NqmJc0wuFOgGYOfu7IsG+zIZVymwpuZzLyP9y /Ri8q2HCgigGGpDFR17MTQjNzD7TZYIS4DMFMBFMzWqSCRaYgDJZVybYyyuvgs55 3bbq9t1FpXFd2FFGJ+gU1ZCNLlEDNVELtRFBT+gVvaF37Vmbax/a50Ja0oqaY/Q ntK9vFQOqMQ==</latexit><latexit sha1_base64="YFEu8UHiVz GjID6AFOq99GrVUbY=">AAACMXicbVDLSsNAFJ3UV42vqEs3wVKom5KIoMuiIF1W sA9oS5lMJu3YyYOZG6GE/JIb/0TcdKGIW3/CSRpBWy8Mc+bcc+/ce5yIMwmWNdd Ka+sbm1vlbX1nd2//wDg86sgwFoS2SchD0XOwpJwFtA0MOO1FgmLf4bTrTG+yfP eRCsnC4B5mER36eBwwjxEMihoZzWpcgzO9OnBC7voYJsltWssfcuarKxlEE5b+CH 5z+gAYd2kSp6MH1WJkVKy6lYe5CuwCVFARrZHxMnBDEvs0AMKxlH3bimCYYAGMc Krax5JGmEzxmPYVDLBP5TDJN07NqmJc0wuFOgGYOfu7IsG+zIZVymwpuZzLyP9y /Ri8q2HCgigGGpDFR17MTQjNzD7TZYIS4DMFMBFMzWqSCRaYgDJZVybYyyuvgs55 3bbq9t1FpXFd2FFGJ+gU1ZCNLlEDNVELtRFBT+gVvaF37Vmbax/a50Ja0oqaY/Q ntK9vFQOqMQ==</latexit><latexit sha1_base64="YFEu8UHiVz GjID6AFOq99GrVUbY=">AAACMXicbVDLSsNAFJ3UV42vqEs3wVKom5KIoMuiIF1W sA9oS5lMJu3YyYOZG6GE/JIb/0TcdKGIW3/CSRpBWy8Mc+bcc+/ce5yIMwmWNdd Ka+sbm1vlbX1nd2//wDg86sgwFoS2SchD0XOwpJwFtA0MOO1FgmLf4bTrTG+yfP eRCsnC4B5mER36eBwwjxEMihoZzWpcgzO9OnBC7voYJsltWssfcuarKxlEE5b+CH 5z+gAYd2kSp6MH1WJkVKy6lYe5CuwCVFARrZHxMnBDEvs0AMKxlH3bimCYYAGMc Krax5JGmEzxmPYVDLBP5TDJN07NqmJc0wuFOgGYOfu7IsG+zIZVymwpuZzLyP9y /Ri8q2HCgigGGpDFR17MTQjNzD7TZYIS4DMFMBFMzWqSCRaYgDJZVybYyyuvgs55 3bbq9t1FpXFd2FFGJ+gU1ZCNLlEDNVELtRFBT+gVvaF37Vmbax/a50Ja0oqaY/Q ntK9vFQOqMQ==</latexit>
 j
<latexit sha1_ba se64="jm7aegv+kcvCJL9USLk/WZZijJ k=">AAACOXicbZBNS8MwGMdTX2d9q3r0 UhyDeRmtCHocCuJxgnuBbZQ0zbZsaVq Sp8Io/Vpe/BbeBC8eFPHqFzDdJszNB0L ++T3Pk+T5+zFnChznxVhZXVvf2Cxsmds 7u3v71sFhQ0WJJLROIh7Jlo8V5UzQOj DgtBVLikOf06Y/us7zzQcqFYvEPYxj2g 1xX7AeIxg08qxaKSnDqVnq+BEPQgyD9C YrTw5qHOot7cQDlv0WzDONgPGApknmD fM7cuoNPavoVJxJ2MvCnYkimkXNs547Q USSkAogHCvVdp0YuimWwAinmdlJFI0xG eE+bWspcEhVN51MntklTQK7F0m9BNgT Ot+R4lDln9aV+XBqMZfD/3LtBHqX3ZSJ OAEqyPShXsJtiOzcRjtgkhLgYy0wkUz/ 1SYDLDEBbbapTXAXR14WjbOK61Tcu/N i9WpmRwEdoxNURi66QFV0i2qojgh6RK/ oHX0YT8ab8Wl8TUtXjFnPEfoTxvcPBXK tFg==</latexit><latexit sha1_ba se64="jm7aegv+kcvCJL9USLk/WZZijJ k=">AAACOXicbZBNS8MwGMdTX2d9q3r0 UhyDeRmtCHocCuJxgnuBbZQ0zbZsaVq Sp8Io/Vpe/BbeBC8eFPHqFzDdJszNB0L ++T3Pk+T5+zFnChznxVhZXVvf2Cxsmds 7u3v71sFhQ0WJJLROIh7Jlo8V5UzQOj DgtBVLikOf06Y/us7zzQcqFYvEPYxj2g 1xX7AeIxg08qxaKSnDqVnq+BEPQgyD9C YrTw5qHOot7cQDlv0WzDONgPGApknmD fM7cuoNPavoVJxJ2MvCnYkimkXNs547Q USSkAogHCvVdp0YuimWwAinmdlJFI0xG eE+bWspcEhVN51MntklTQK7F0m9BNgT Ot+R4lDln9aV+XBqMZfD/3LtBHqX3ZSJ OAEqyPShXsJtiOzcRjtgkhLgYy0wkUz/ 1SYDLDEBbbapTXAXR14WjbOK61Tcu/N i9WpmRwEdoxNURi66QFV0i2qojgh6RK/ oHX0YT8ab8Wl8TUtXjFnPEfoTxvcPBXK tFg==</latexit><latexit sha1_ba se64="jm7aegv+kcvCJL9USLk/WZZijJ k=">AAACOXicbZBNS8MwGMdTX2d9q3r0 UhyDeRmtCHocCuJxgnuBbZQ0zbZsaVq Sp8Io/Vpe/BbeBC8eFPHqFzDdJszNB0L ++T3Pk+T5+zFnChznxVhZXVvf2Cxsmds 7u3v71sFhQ0WJJLROIh7Jlo8V5UzQOj DgtBVLikOf06Y/us7zzQcqFYvEPYxj2g 1xX7AeIxg08qxaKSnDqVnq+BEPQgyD9C YrTw5qHOot7cQDlv0WzDONgPGApknmD fM7cuoNPavoVJxJ2MvCnYkimkXNs547Q USSkAogHCvVdp0YuimWwAinmdlJFI0xG eE+bWspcEhVN51MntklTQK7F0m9BNgT Ot+R4lDln9aV+XBqMZfD/3LtBHqX3ZSJ OAEqyPShXsJtiOzcRjtgkhLgYy0wkUz/ 1SYDLDEBbbapTXAXR14WjbOK61Tcu/N i9WpmRwEdoxNURi66QFV0i2qojgh6RK/ oHX0YT8ab8Wl8TUtXjFnPEfoTxvcPBXK tFg==</latexit><latexit sha1_ba se64="jm7aegv+kcvCJL9USLk/WZZijJ k=">AAACOXicbZBNS8MwGMdTX2d9q3r0 UhyDeRmtCHocCuJxgnuBbZQ0zbZsaVq Sp8Io/Vpe/BbeBC8eFPHqFzDdJszNB0L ++T3Pk+T5+zFnChznxVhZXVvf2Cxsmds 7u3v71sFhQ0WJJLROIh7Jlo8V5UzQOj DgtBVLikOf06Y/us7zzQcqFYvEPYxj2g 1xX7AeIxg08qxaKSnDqVnq+BEPQgyD9C YrTw5qHOot7cQDlv0WzDONgPGApknmD fM7cuoNPavoVJxJ2MvCnYkimkXNs547Q USSkAogHCvVdp0YuimWwAinmdlJFI0xG eE+bWspcEhVN51MntklTQK7F0m9BNgT Ot+R4lDln9aV+XBqMZfD/3LtBHqX3ZSJ OAEqyPShXsJtiOzcRjtgkhLgYy0wkUz/ 1SYDLDEBbbapTXAXR14WjbOK61Tcu/N i9WpmRwEdoxNURi66QFV0i2qojgh6RK/ oHX0YT8ab8Wl8TUtXjFnPEfoTxvcPBXK tFg==</latexit>
dF
d j
<latexit sha1_base64="Rv9BXe7ivF 37E1IEpAenaCVe0iw=">AAACWHicbVFbS8MwFE7rbau3OR99KY7BfBmtCPooCuLj BOcG6yhpmm7RtCnJqTBK/6Tgg/4VX0y7CnN6IOQ737nknC9BypkCx/kwzI3Nre2 dRtPa3ds/OGwdtZ+UyCShQyK4kOMAK8pZQofAgNNxKimOA05HwcttGR+9UqmYSB 5hkdJpjGcJixjBoCm/JbpZD86srhcIHsYY5vld0asctYj1lXvpnBU/CaucpoDxkO ZZ4T8ve2jaf7a8SGKSh6sdC+1WwcJvdZy+U5n9F7g16KDaBn7rzQsFyWKaAOFYq YnrpDDNsQRGOC0sL1M0xeQFz+hEwwTHVE3zSpjC7momtCMh9UnArtjVihzHqtxJ Z5aTqvVYSf4Xm2QQXU1zlqQZ0IQsH4oyboOwS5XtkElKgC80wEQyPatN5ljrAvov LC2Cu77yX/B03nedvvtw0bm+qeVooBN0inrIRZfoGt2jARoigt7Rl7FpbBmfJjJ 3zOYy1TTqmmP0y8z2N4EetHw=</latexit><latexit sha1_base64="Rv9BXe7ivF 37E1IEpAenaCVe0iw=">AAACWHicbVFbS8MwFE7rbau3OR99KY7BfBmtCPooCuLj BOcG6yhpmm7RtCnJqTBK/6Tgg/4VX0y7CnN6IOQ737nknC9BypkCx/kwzI3Nre2 dRtPa3ds/OGwdtZ+UyCShQyK4kOMAK8pZQofAgNNxKimOA05HwcttGR+9UqmYSB 5hkdJpjGcJixjBoCm/JbpZD86srhcIHsYY5vld0asctYj1lXvpnBU/CaucpoDxkO ZZ4T8ve2jaf7a8SGKSh6sdC+1WwcJvdZy+U5n9F7g16KDaBn7rzQsFyWKaAOFYq YnrpDDNsQRGOC0sL1M0xeQFz+hEwwTHVE3zSpjC7momtCMh9UnArtjVihzHqtxJ Z5aTqvVYSf4Xm2QQXU1zlqQZ0IQsH4oyboOwS5XtkElKgC80wEQyPatN5ljrAvov LC2Cu77yX/B03nedvvtw0bm+qeVooBN0inrIRZfoGt2jARoigt7Rl7FpbBmfJjJ 3zOYy1TTqmmP0y8z2N4EetHw=</latexit><latexit sha1_base64="Rv9BXe7ivF 37E1IEpAenaCVe0iw=">AAACWHicbVFbS8MwFE7rbau3OR99KY7BfBmtCPooCuLj BOcG6yhpmm7RtCnJqTBK/6Tgg/4VX0y7CnN6IOQ737nknC9BypkCx/kwzI3Nre2 dRtPa3ds/OGwdtZ+UyCShQyK4kOMAK8pZQofAgNNxKimOA05HwcttGR+9UqmYSB 5hkdJpjGcJixjBoCm/JbpZD86srhcIHsYY5vld0asctYj1lXvpnBU/CaucpoDxkO ZZ4T8ve2jaf7a8SGKSh6sdC+1WwcJvdZy+U5n9F7g16KDaBn7rzQsFyWKaAOFYq YnrpDDNsQRGOC0sL1M0xeQFz+hEwwTHVE3zSpjC7momtCMh9UnArtjVihzHqtxJ Z5aTqvVYSf4Xm2QQXU1zlqQZ0IQsH4oyboOwS5XtkElKgC80wEQyPatN5ljrAvov LC2Cu77yX/B03nedvvtw0bm+qeVooBN0inrIRZfoGt2jARoigt7Rl7FpbBmfJjJ 3zOYy1TTqmmP0y8z2N4EetHw=</latexit><latexit sha1_base64="Rv9BXe7ivF 37E1IEpAenaCVe0iw=">AAACWHicbVFbS8MwFE7rbau3OR99KY7BfBmtCPooCuLj BOcG6yhpmm7RtCnJqTBK/6Tgg/4VX0y7CnN6IOQ737nknC9BypkCx/kwzI3Nre2 dRtPa3ds/OGwdtZ+UyCShQyK4kOMAK8pZQofAgNNxKimOA05HwcttGR+9UqmYSB 5hkdJpjGcJixjBoCm/JbpZD86srhcIHsYY5vld0asctYj1lXvpnBU/CaucpoDxkO ZZ4T8ve2jaf7a8SGKSh6sdC+1WwcJvdZy+U5n9F7g16KDaBn7rzQsFyWKaAOFYq YnrpDDNsQRGOC0sL1M0xeQFz+hEwwTHVE3zSpjC7momtCMh9UnArtjVihzHqtxJ Z5aTqvVYSf4Xm2QQXU1zlqQZ0IQsH4oyboOwS5XtkElKgC80wEQyPatN5ljrAvov LC2Cu77yX/B03nedvvtw0bm+qeVooBN0inrIRZfoGt2jARoigt7Rl7FpbBmfJjJ 3zOYy1TTqmmP0y8z2N4EetHw=</latexit>
Fi
<latexit sha1_base64="ibMqkBtK9s gS3OcVv8rP8ytkrfc=">AAACXXicbVFLS8NAEN5Eq22sterBg5dgKdRLSUTQY1Eo HivYB7QlbDabdtvNg92JUEL+pDe9+FfcpBVq68Cy33zz2Jlv3ZgzCZb1qekHh6W j43LFOKme1s7q5xcDGSWC0D6JeCRGLpaUs5D2gQGno1hQHLicDt3lcx4fvlMhWR S+wSqm0wDPQuYzgkFRTh2aSQtujebEjbgXYJin3axVOHIVqCudxHOW/SZsc4oCxj 2aJpmzWPdQtLNQty8wSb3tlplyi2hmdB3m1BtW2yrM3Af2BjTQxnpO/WPiRSQJa AiEYynHthXDNMUCGOE0MyaJpDEmSzyjYwVDHFA5TQt1MrOpGM/0I6FOCGbBblek OJD5Yiozn1buxnLyv9g4Af9xmrIwToCGZP2Qn3ATIjOX2vSYoAT4SgFMBFOzmmSO lTagPsRQIti7K++DwV3bttr2632j87SRo4yu0Q1qIRs9oA56QT3URwR9aUiraIb 2rZf0ql5bp+rapuYS/TH96ge7eLTs</latexit><latexit sha1_base64="ibMqkBtK9s gS3OcVv8rP8ytkrfc=">AAACXXicbVFLS8NAEN5Eq22sterBg5dgKdRLSUTQY1Eo HivYB7QlbDabdtvNg92JUEL+pDe9+FfcpBVq68Cy33zz2Jlv3ZgzCZb1qekHh6W j43LFOKme1s7q5xcDGSWC0D6JeCRGLpaUs5D2gQGno1hQHLicDt3lcx4fvlMhWR S+wSqm0wDPQuYzgkFRTh2aSQtujebEjbgXYJin3axVOHIVqCudxHOW/SZsc4oCxj 2aJpmzWPdQtLNQty8wSb3tlplyi2hmdB3m1BtW2yrM3Af2BjTQxnpO/WPiRSQJa AiEYynHthXDNMUCGOE0MyaJpDEmSzyjYwVDHFA5TQt1MrOpGM/0I6FOCGbBblek OJD5Yiozn1buxnLyv9g4Af9xmrIwToCGZP2Qn3ATIjOX2vSYoAT4SgFMBFOzmmSO lTagPsRQIti7K++DwV3bttr2632j87SRo4yu0Q1qIRs9oA56QT3URwR9aUiraIb 2rZf0ql5bp+rapuYS/TH96ge7eLTs</latexit><latexit sha1_base64="ibMqkBtK9s gS3OcVv8rP8ytkrfc=">AAACXXicbVFLS8NAEN5Eq22sterBg5dgKdRLSUTQY1Eo HivYB7QlbDabdtvNg92JUEL+pDe9+FfcpBVq68Cy33zz2Jlv3ZgzCZb1qekHh6W j43LFOKme1s7q5xcDGSWC0D6JeCRGLpaUs5D2gQGno1hQHLicDt3lcx4fvlMhWR S+wSqm0wDPQuYzgkFRTh2aSQtujebEjbgXYJin3axVOHIVqCudxHOW/SZsc4oCxj 2aJpmzWPdQtLNQty8wSb3tlplyi2hmdB3m1BtW2yrM3Af2BjTQxnpO/WPiRSQJa AiEYynHthXDNMUCGOE0MyaJpDEmSzyjYwVDHFA5TQt1MrOpGM/0I6FOCGbBblek OJD5Yiozn1buxnLyv9g4Af9xmrIwToCGZP2Qn3ATIjOX2vSYoAT4SgFMBFOzmmSO lTagPsRQIti7K++DwV3bttr2632j87SRo4yu0Q1qIRs9oA56QT3URwR9aUiraIb 2rZf0ql5bp+rapuYS/TH96ge7eLTs</latexit><latexit sha1_base64="ibMqkBtK9s gS3OcVv8rP8ytkrfc=">AAACXXicbVFLS8NAEN5Eq22sterBg5dgKdRLSUTQY1Eo HivYB7QlbDabdtvNg92JUEL+pDe9+FfcpBVq68Cy33zz2Jlv3ZgzCZb1qekHh6W j43LFOKme1s7q5xcDGSWC0D6JeCRGLpaUs5D2gQGno1hQHLicDt3lcx4fvlMhWR S+wSqm0wDPQuYzgkFRTh2aSQtujebEjbgXYJin3axVOHIVqCudxHOW/SZsc4oCxj 2aJpmzWPdQtLNQty8wSb3tlplyi2hmdB3m1BtW2yrM3Af2BjTQxnpO/WPiRSQJa AiEYynHthXDNMUCGOE0MyaJpDEmSzyjYwVDHFA5TQt1MrOpGM/0I6FOCGbBblek OJD5Yiozn1buxnLyv9g4Af9xmrIwToCGZP2Qn3ATIjOX2vSYoAT4SgFMBFOzmmSO lTagPsRQIti7K++DwV3bttr2632j87SRo4yu0Q1qIRs9oA56QT3URwR9aUiraIb 2rZf0ql5bp+rapuYS/TH96ge7eLTs</latexit>
dFi
d 
<latexit sha1_ba se64="zj1aHI6L9IF6WTybIXSyJZL4ys 0=">AAACf3icbVHbSsNAEN3EW423qI++ BEuxooREBPVNFIqPCtYW2hI2m43durm wOxFKyG/4Yb75Lz64SSPEy8CyZ86cmZ2 Z9VPOJDjOh6YvLa+srrXWjY3Nre0dc3f vSSaZILRPEp6IoY8l5SymfWDA6TAVFE c+pwP/5baMD16pkCyJH2Ge0kmEn2MWMo JBUZ751sm6cGx0xn7CgwjDNO8V3cqR80 hd+TidsuJb0OQUBYwHNM8Kb7aooWhvp u5QYJIHzZKFcquoSut5zKglCha1sFm6M Dyz7dhOZdZf4NagjWq798z3cZCQLKIxE I6lHLlOCpMcC2CE08IYZ5KmmLzgZzpS MMYRlZO82l9hdRQTWGEi1InBqthmRo4j WfanlOU88nesJP+LjTIILyc5i9MMaEwW D4UZtyCxys+wAiYoAT5XABPBVK8WmWK 1GlBfVi7B/T3yX/B0ZruO7T6ct69v6nW 00AE6RF3kogt0je7QPeojgj61Q+1EO9U 1/Ui3dWch1bU6Zx/9MP3qCwGdwmA=</ latexit><latexit sha1_ba se64="zj1aHI6L9IF6WTybIXSyJZL4ys 0=">AAACf3icbVHbSsNAEN3EW423qI++ BEuxooREBPVNFIqPCtYW2hI2m43durm wOxFKyG/4Yb75Lz64SSPEy8CyZ86cmZ2 Z9VPOJDjOh6YvLa+srrXWjY3Nre0dc3f vSSaZILRPEp6IoY8l5SymfWDA6TAVFE c+pwP/5baMD16pkCyJH2Ge0kmEn2MWMo JBUZ751sm6cGx0xn7CgwjDNO8V3cqR80 hd+TidsuJb0OQUBYwHNM8Kb7aooWhvp u5QYJIHzZKFcquoSut5zKglCha1sFm6M Dyz7dhOZdZf4NagjWq798z3cZCQLKIxE I6lHLlOCpMcC2CE08IYZ5KmmLzgZzpS MMYRlZO82l9hdRQTWGEi1InBqthmRo4j WfanlOU88nesJP+LjTIILyc5i9MMaEwW D4UZtyCxys+wAiYoAT5XABPBVK8WmWK 1GlBfVi7B/T3yX/B0ZruO7T6ct69v6nW 00AE6RF3kogt0je7QPeojgj61Q+1EO9U 1/Ui3dWch1bU6Zx/9MP3qCwGdwmA=</ latexit><latexit sha1_ba se64="zj1aHI6L9IF6WTybIXSyJZL4ys 0=">AAACf3icbVHbSsNAEN3EW423qI++ BEuxooREBPVNFIqPCtYW2hI2m43durm wOxFKyG/4Yb75Lz64SSPEy8CyZ86cmZ2 Z9VPOJDjOh6YvLa+srrXWjY3Nre0dc3f vSSaZILRPEp6IoY8l5SymfWDA6TAVFE c+pwP/5baMD16pkCyJH2Ge0kmEn2MWMo JBUZ751sm6cGx0xn7CgwjDNO8V3cqR80 hd+TidsuJb0OQUBYwHNM8Kb7aooWhvp u5QYJIHzZKFcquoSut5zKglCha1sFm6M Dyz7dhOZdZf4NagjWq798z3cZCQLKIxE I6lHLlOCpMcC2CE08IYZ5KmmLzgZzpS MMYRlZO82l9hdRQTWGEi1InBqthmRo4j WfanlOU88nesJP+LjTIILyc5i9MMaEwW D4UZtyCxys+wAiYoAT5XABPBVK8WmWK 1GlBfVi7B/T3yX/B0ZruO7T6ct69v6nW 00AE6RF3kogt0je7QPeojgj61Q+1EO9U 1/Ui3dWch1bU6Zx/9MP3qCwGdwmA=</ latexit><latexit sha1_ba se64="zj1aHI6L9IF6WTybIXSyJZL4ys 0=">AAACf3icbVHbSsNAEN3EW423qI++ BEuxooREBPVNFIqPCtYW2hI2m43durm wOxFKyG/4Yb75Lz64SSPEy8CyZ86cmZ2 Z9VPOJDjOh6YvLa+srrXWjY3Nre0dc3f vSSaZILRPEp6IoY8l5SymfWDA6TAVFE c+pwP/5baMD16pkCyJH2Ge0kmEn2MWMo JBUZ751sm6cGx0xn7CgwjDNO8V3cqR80 hd+TidsuJb0OQUBYwHNM8Kb7aooWhvp u5QYJIHzZKFcquoSut5zKglCha1sFm6M Dyz7dhOZdZf4NagjWq798z3cZCQLKIxE I6lHLlOCpMcC2CE08IYZ5KmmLzgZzpS MMYRlZO82l9hdRQTWGEi1InBqthmRo4j WfanlOU88nesJP+LjTIILyc5i9MMaEwW D4UZtyCxys+wAiYoAT5XABPBVK8WmWK 1GlBfVi7B/T3yX/B0ZruO7T6ct69v6nW 00AE6RF3kogt0je7QPeojgj61Q+1EO9U 1/Ui3dWch1bU6Zx/9MP3qCwGdwmA=</ latexit>
a
b
c
forward

simulation
FMD
adjoint
 i(t)
<latexit sha1_base64="9GmqTR4DcT vOwVpm7zcYy3vWgbI=">AAAB83icbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF +4AmlMlk0g6dTMLMjVBKf8ONC0Xc+jPu/BunbRbaemDgcM653DsnzKQw6Lrfztr 6xubWdmmnvLu3f3BYOTpumzTXjLdYKlPdDanhUijeQoGSdzPNaRJK3glHdzO/88 S1Eal6xHHGg4QOlIgFo2gl35c2GtG+qOFFv1J16+4cZJV4BalCgWa/8uVHKcsTrp BJakzPczMMJlSjYJJPy35ueEbZiA54z1JFE26CyfzmKTm3SkTiVNunkMzV3xMTm hgzTkKbTCgOzbI3E//zejnGN8FEqCxHrthiUZxLgimZFUAioTlDObaEMi3srYQN qaYMbU1lW4K3/OVV0r6se27de7iqNm6LOkpwCmdQAw+uoQH30IQWMMjgGV7hzcmd F+fd+VhE15xi5gT+wPn8AWCWkTw=</latexit><latexit sha1_base64="9GmqTR4DcT vOwVpm7zcYy3vWgbI=">AAAB83icbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF +4AmlMlk0g6dTMLMjVBKf8ONC0Xc+jPu/BunbRbaemDgcM653DsnzKQw6Lrfztr 6xubWdmmnvLu3f3BYOTpumzTXjLdYKlPdDanhUijeQoGSdzPNaRJK3glHdzO/88 S1Eal6xHHGg4QOlIgFo2gl35c2GtG+qOFFv1J16+4cZJV4BalCgWa/8uVHKcsTrp BJakzPczMMJlSjYJJPy35ueEbZiA54z1JFE26CyfzmKTm3SkTiVNunkMzV3xMTm hgzTkKbTCgOzbI3E//zejnGN8FEqCxHrthiUZxLgimZFUAioTlDObaEMi3srYQN qaYMbU1lW4K3/OVV0r6se27de7iqNm6LOkpwCmdQAw+uoQH30IQWMMjgGV7hzcmd F+fd+VhE15xi5gT+wPn8AWCWkTw=</latexit><latexit sha1_base64="9GmqTR4DcT vOwVpm7zcYy3vWgbI=">AAAB83icbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF +4AmlMlk0g6dTMLMjVBKf8ONC0Xc+jPu/BunbRbaemDgcM653DsnzKQw6Lrfztr 6xubWdmmnvLu3f3BYOTpumzTXjLdYKlPdDanhUijeQoGSdzPNaRJK3glHdzO/88 S1Eal6xHHGg4QOlIgFo2gl35c2GtG+qOFFv1J16+4cZJV4BalCgWa/8uVHKcsTrp BJakzPczMMJlSjYJJPy35ueEbZiA54z1JFE26CyfzmKTm3SkTiVNunkMzV3xMTm hgzTkKbTCgOzbI3E//zejnGN8FEqCxHrthiUZxLgimZFUAioTlDObaEMi3srYQN qaYMbU1lW4K3/OVV0r6se27de7iqNm6LOkpwCmdQAw+uoQH30IQWMMjgGV7hzcmd F+fd+VhE15xi5gT+wPn8AWCWkTw=</latexit><latexit sha1_base64="9GmqTR4DcT vOwVpm7zcYy3vWgbI=">AAAB83icbVDLSsNAFL3xWeur6tLNYBHqpiQi6LLoxmUF +4AmlMlk0g6dTMLMjVBKf8ONC0Xc+jPu/BunbRbaemDgcM653DsnzKQw6Lrfztr 6xubWdmmnvLu3f3BYOTpumzTXjLdYKlPdDanhUijeQoGSdzPNaRJK3glHdzO/88 S1Eal6xHHGg4QOlIgFo2gl35c2GtG+qOFFv1J16+4cZJV4BalCgWa/8uVHKcsTrp BJakzPczMMJlSjYJJPy35ueEbZiA54z1JFE26CyfzmKTm3SkTiVNunkMzV3xMTm hgzTkKbTCgOzbI3E//zejnGN8FEqCxHrthiUZxLgimZFUAioTlDObaEMi3srYQN qaYMbU1lW4K3/OVV0r6se27de7iqNm6LOkpwCmdQAw+uoQH30IQWMMjgGV7hzcmd F+fd+VhE15xi5gT+wPn8AWCWkTw=</latexit>
FIG. 1. Graphical comparison of adjoint and forward
derivative techniques. a, The forward simulation, includ-
ing the computation of F (φ) from parameters φ through an
FDTD simulation with fields u(t). b, FMD requires solving
one additional simulation, u˜j(t) for each of the m parame-
ters. This simulation allows one to compute the change in
each element of F with respect to φj . c, The adjoint method
requires solving one additional simulation, λi(t) for each of
the n outputs. This simulation allows one to compute the
change in the i-th output of F with respect to all inputs.
First, we analyze the derivative of an intensity pattern
of a dielectric antenna with respect to the material’s di-
electric constant. Then, we use FMD to analyze how the
spectral coupling efficiency of a surface grating coupler
changes as function of grating fill factor. Finally, we dis-
cuss our findings in Section IV and conclude in Section
V.
II. DIFFERENTIATION OF MAXWELL’S
EQUATIONS
In this Section we derive the Jacobian of an electro-
magnetic problem using FMD and compare it to the
forms given by both adjoint and finite-difference tech-
niques. We define our problem through a function F (φ),
where φ ∈ Rm is a vector of input parameters and
F ∈ Rn is a vector of output properties. For example, φ
might correspond to a set of geometric design parameters
that define a photonic device and F may be a set of per-
formance metrics, including, for instance, the operational
bandwidth or efficiency.
We assume that the evaluation of F (φ) involves a solu-
tion of Maxwell’s equations in the time domain, although
our analysis extends to the frequency domain, for ex-
ample in the context of the finite-difference frequency-
domain (FDFD) method [13], which we show in Ap-
pendix Section I. For concreteness, we express F in the
form
Fi(φ) =
∫ T
0
dt fi(u(t), t), (1)
where u(t) ≡ [h(t), e(t)]T is the concatenation of the
magnetic and electric field vectors at time t. The func-
tion, fi, gives the contribution of these instantaneous
field quantities to the i-th output property, Fi. For ex-
ample, if Fi corresponds to the time integrated intensity
at a single point in the domain, then fi(u(t), t) is given
by |u(t)|2 evaluated at that point. u(t) depends implic-
itly on the input parameters, φ, which define the spatial
distribution of materials in the simulation domain.
The dynamics of u(t) are governed by Maxwell’s equa-
tions. For a linear electromagnetic system with permit-
tivity tensor , permeability tensor µ, electric (magnetic)
conductivity tensors σE (σH), and electric (magnetic)
current sources, j(t) (m(t)), Maxwell’s equations may
be written as[
µ 0
0 −
] [
h˙(t)
e˙(t)
]
=
[−σH ∇×
∇× −σE
] [
h(t)
e(t)
]
+
[
m(t)
j(t)
]
, (2)
where the spatial dependence of all of these quantities is
implicit.
From here on, we assume that the input parameters,
φ, only influence the  and µ distributions, although the
following analysis can be straightforwardly extended to
other situations, such as a φ-dependent conductivity or
source. More generally, we may express Eq. (2) in terms
the constraint equation
g(u˙,u,φ, t) = A(φ) · u˙(t) +B · u(t) + c(t) = , (3)
where we have identified in Eq. (2) the matrices A(φ)
and B, as well as the source vector c(t).  is defined as a
vector containing all zeros. Eq. (3) is typically solved us-
ing a finite-difference time-domain (FDTD) simulation,
involving discretization in the spatial and temporal do-
mains.
We now examine three methods for computing the Ja-
cobian of F , defined as Jij ≡ ∂Fi∂φj , given the constraint of
Eqs. (3). We will start with the finite-difference deriva-
tive approach, as it is the most simple to explain. Then,
we will introduce the FMD method and finish with the
adjoint method.
A. Finite-Difference Approximation
In the finite-difference technique, one typically mea-
sures the change in the system’s output given a small
change in each input parameter. Explicitly, for the j-th
input parameter, φj , we may approximate the derivative
as a forward difference
dF
dφj
≈ F (φ+∆j jˆ)− F (φ)
∆j
(4)
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FIG. 2. Comparison of numerical and exact gradients.
a, A dielectric slab is modeled using FDTD. A pulse is injected
into one side of the slab and the integral of |e(t)| is measured
on the other side and taken to be the figure of merit, F , with
which the gradients are defined hereafter. b, The relative
error in the gradient of F with respect to the permittivity
distribution as computed using numerical derivative and the
exact (adjoint) derivative. c,e, For a point near the center
of the slab, the accuracy of the numerical gradient is highly
independent of the step size. d,f, For a point near the edge
of the slab, the accuracy of the numerical gradient is highly
dependent on step size. The Green box indicates the magni-
tude of the error relative to the L2 norm of the full gradient
below 1 part in 1000.
where ∆j is the numerical step size for the j-th parameter
and jˆ is a vector of 0’s except with 1 at the j-th index.
Eq. (4) is evaluated by running one additional FDTD
simulation for F (φ + ∆j jˆ) and returns a vector speci-
fying the derivative of each output with respect to φj ,
therefore determining the j-th column of the Jacobian.
This operation must be performed for each element of φ,
and thus the cost of computing the full Jacobian is one
additional simulation per input parameter, for a total of
m additional simulations.
In practice, this finite differences are not ideal as they
yield only approximate derivatives and require the de-
termination of a step size, ∆j , for each parameter. To
explore this issue, in Fig. 2 we examine the accuracy of
the finite-difference derivative as it compares to an exact
method, such as FMD or the adjoint method. We de-
fine a problem corresponding to transmission through a
dielectric slab, as diagrammed in Fig. 2a. The domain
is one-dimensional with perfectly-matched layers on the
vertical boundaries to absorb outgoing waves. We inject
a pulse into one side of the slab and measure the integral
of the absolute value of the electric field at a probe on
the other side of the slab, namely F (φ) =
∫
dt |pTe(t)|,
where p defines the probe location.
We then compute the gradient of F with respect to
the permittivity of each grid cell within the domain us-
ing a finite-difference approach, as in Eq. 4, and the
adjoint method, which is exact. The relative error in the
gradient is plotted in Fig. 2b. The y axis of this plot
corresponds to the diagram in Fig. 2a. We observe that
points near the boundary of the slab are highly sensitive
to the numerical step size parameter.
In Fig. 2c-f we inspect the relative errors with respect
to the permittivities at two distinct points, as annotated
by the diamond and triangle shapes in 2b. As seen in 2c-
d, the required numerical step sizes that leads to low error
(indicated by the green box) are vastly different for these
two points. These findings suggest difficulties of apply-
ing the finite difference method for gradient calculations
in general. These difficulties serve as an issue not only
for practical applications in sensitivity analysis, but also
when using numerical derivatives as a point of compari-
son when confirming the correctness of implementations
of exact methods.
B. Forward-Mode Differentiation
We now introduce the FMD method, which is the focus
of this work. To derive this, we first directly differentiate
the figure of merit F from Eq. (1) with respect to the
j-th parameter, φj , which gives
dF
dφj
=
∫ T
0
dt
∂f
∂u
(t) · du
dφj
(t) (5)
The form of the matrix ∂f∂u (t) may be solved analytically
and evaluated numerically using the solution of u(t). To
evaluate dudφj (t), we differentiate the constraint equation
g(u˙,u,φ, t) of Eq. (3) with respect to φj . This derivative
gives the following expression
d
dφj
g(u˙,u,φ, t) =  (6)
=
∂g
∂u˙
· du˙
dφj
+
∂g
∂u
· du
dφj
+
∂g
∂φj
, (7)
which now may be interpreted as a new constraint for
the quantity dudφj .
Like the original constraint equation, Eq. (7) may be
expressed in the form of Maxwell’s equations. To show
this, we define dudφj (t) ≡ [hj(t), ej(t)]T as the ‘derivative’
fields for parameter φj and evaluate the other terms using
4(2) and (3), giving
A(φ)
du˙
dφj
+B
du
dφj
+
∂A
∂φj
· u˙ =  (8)
or in the form of Maxwell’s equations,[
µ 0
0 −
] [
h˙j
e˙j
]
=
[−σH ∇×
∇× −σE
] [
hj
ej
]
+
[
− ∂µ∂φj · h˙
∂
∂φj
· e˙
]
. (9)
Interestingly, from Eq. (9), we notice that the derivative
fields hj and ej evolve according to a similar Maxwell’s
equation as the original fields of Eq. (2). However, the
source term is now replaced by [− ∂µ∂φj · h˙, ∂∂φj · e˙]T , where
∂
∂φj
( ∂µ∂φj ) is the change in the permittivity (permeability)
with respect to the j-th input parameter. We note that
this source term depends explicitly on the fields from the
original simulation (e˙ and h˙).
With the quantity dudφj (t) solved by running an addi-
tional FDTD simulation as defined by Eq. (9), one may
plug this into Eq. (5) to evaluate the j-th column of the
Jacobian. Therefore, like the finite-difference method,
one must repeat this process with a new FDTD simu-
lation for each of the m input parameters to compute
the full Jacobian. However, unlike the finite-difference
method, the gradients evaluated here are exact.
C. Adjoint Method
For contrast, we now briefly describe the adjoint
method, with a full derivation included in the Ap-
pendix Section II. In the adjoint method, one is interested
in computing the same quantity as the previous section,
namely the Jacobian of F with respect to φ. While the
adjoint and FMD methods are mathematically equiva-
lent, they evaluate the Jacobian in reverse order from
each other. Whereas in FMD, the derivative simulation
is forward propagated through the system for each input
parameter, in the adjoint method, one propagates an ‘ad-
joint’ simulation backwards through the system for each
output parameter.
One first solves the ‘forward’ problem, correspond-
ing to running an FDTD simulation for u(t). Then,
one must solve a second ‘adjoint’ problem for the
i-th output parameter, which defines the solution
λi(t) ≡ [h˜i(t), e˜i(t)]T , governed by the following con-
straint
∂g
∂u˙
T
· λ˙i −
(
∂g
∂u
T
− d
dt
∂g
∂u˙
T
)
· λi − ∂fi
∂u
T
= . (10)
Crucially, the adjoint solution has a boundary condition
of λi(T ) = . This means that it must be solved back-
wards in time from t = T to t = 0. We also note that,
like the FMD method, its source term ∂fi∂u
T
depends ex-
plicitly on the forward solution, u(t).
Expressing the adjoint constraint in terms of Maxwell’s
equations gives the following electromagnetic simulation
AT (φ)λ˙i −BTλi − ∂fi
∂u
T
=  (11)
or in terms of Maxwell’s equations[−µT 0
0 T
]
·
[
˙˜
hi
˙˜ei
]
=
[−σTH ∇×
∇× −σTE
]
·
[
h˜i
e˜i
]
+
[
∂fi
∂h
T
∂fi
∂e
T
]
. (12)
Interestingly, the evolution of the adjoint fields is the
same as the forward fields if all of the following substitu-
tions are made
1. t→ T − t, which corresponds to time reversal and
subsequent shifting by the total simulation time T
to match boundary conditions at t = T .
2.  → T , µ → µT , σE → σTE , and σH → σTH .
If the usual case that the system obeys Lorentz
reciprocity, then these quantities are symmetric, in
which case the adjoint system is the same as the
original system.
3. m(t)→ ∂fi∂h (T − t)T and j(t)→ ∂fi∂e (T − t)T which
corresponds to setting a new source for the adjoint
fields that depends on the figure of merit’s depen-
dence on the solution u(t).
With the adjoint solution λi(t) found, one may com-
pute the gradient of Fi now as
dFi
dφ
=
∫ T
0
dt λi(t)
T · ∂g
∂φ
(t) (13)
=
∫ T
0
dt λi(t)
T · ∂A
∂φ
· u(t), (14)
where ∂A∂φ is a rank 3 tensor. As Eq. (14) returns the
i-th row of the Jacobian, to compute the full Jacobian,
one must run an additional adjoint simulation for each
output parameter. This is in contrast with the finite dif-
ference and FMD methods, which need one additional
simulation per input parameter. In practice, a more effi-
cient method for computing Eq. (14) can be performed,
which is outlined in Appendix Section III.
A full comparison of the time and memory complexity
of the two methods is summarized in Table S1, with a
detailed explanation in Appendix Section IV.
III. DEMONSTRATIONS
To demonstrate the FMD method, we now apply it
to two sample problems. First, we will show that one
can use FMD to compute the exact derivative of a spa-
tial distribution, in this case, the electric field intensity
distribution, with respect to design parameters. Then,
we show that one can use FMD to compute the deriva-
tive of outputs as a function of frequency, using a grating
coupler as an example.
5Method Time Complexity Memory Complexity
Finite Difference O(NTm) O(N)
FMD O(NTm) O(NT +Nn)
Adjoint O(NTn) O(NT +Nm)
TABLE I. Comparison of memory and speed complexity of
the three different gradient computation methods examined
in this work. N is the number of grid cells. T is the number
of time steps. m and n are the number of input and output
variables, respectively, of the function F . We assume n and
m are each less than or equal to N .
A. Intensity Distribution of a Scatterer
In Fig. 3a, we simulate a two-dimensional domain
with a point emitter located at the center of a dielec-
tric square with permittivity box and length of 410 nm.
The surrounding medium is vacuum with 10 grid cells
of perfectly-matched absorbing layers (PMLs) on each
side. We inject a DC pulse with a temporal width
of 289 fs into the box and measure the optical inten-
sity distribution at each grid cell, integrated over time
IT (x, y) ≡
∫ T
0
dt I(x, y, t), which is shown in Fig. 3b.
Then, we compute the derivative of this intensity dis-
tribution with respect to the permittivity of the box
in two ways. First, we compute this using a numeri-
cal derivative, where box is increased and decreased by
1 × 10−3 and a derivative is approximated using central
finite difference. The result is shown in Fig. 3c. Then,
we compute the same derivative in an exact form using
FMD, which requires only one additional FDTD simula-
tion. The resulting sensitivity pattern is shown in Fig.
3d and agrees with the numerical result to good preci-
sion.
B. Grating Coupler Efficiency Spectrum
Now, we show that FMD is a useful tool for performing
spectral sensitivity analysis, using a grating coupler as an
example [14, 15]. Like the previous example, wherein the
gradient was taken over the entire spatial domain, this is
another problem where the differentiation is needed for
several outputs, in this case over the frequency domain.
In Fig. 4a, we outline a typical grating coupler setup
where a free space Gaussian pulse is coupled into a guided
mode through a surface grating. We wish to compute
how the coupling performance depends on the fill-factor
(η) of the grating, defined as the ratio of the grating
width to the grating period. We inject a pulse centered
at λ0 = 1550 nm with a duration of 100 fs into the top of
the domain via a finite-width line source emitting at an
angle θ = 20 degrees from normal incidence. A Si grating
structure is encased in a SiO2 substrate of thickness 1 µm
on each side. The base thickness of the coupler is 150 nm
and the tooth height is 70 nm, corresponding to an etched
SOI platform with a 220 nm thick Si layer. For a fill factor
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FIG. 3. Comparison of FMD and numerical derivative
on sample problem. a, Problem setup. A Gaussian pulse is
injected into the center of a dielectric square with relative per-
mittivity box = 12. b, The logarithm of the resulting time-
integrated intensity distribution IT (x, y) =
∫ ∫
dx dy I(x, y, t)
is shown at each point in space. c, Using an approximate
numerical derivative with step size of 10−3, we plot the loga-
rithm of the change in IT (x, y) with respect to the dielectric
function of the box, requiring one simulation. d, using exact
FMD, we plot the same derivative.
of 0.5, an optimal grating period of 660 nm is computed
using the effective index of the grating structure, the free
space pulse wavelength, and the incident angle, following
Ref. [16]. A PML of 10 grid cells is included on all edges
of the domain for absorbing boundary conditions. The
structure is simulated using FDTD and the power in the
waveguide mode is measured as a function of frequency.
In Fig. 4b, we show a frequency domain simulation of
the structure at λ0 = 1550 nm, showing good coupling
between the incident light and the waveguide mode. In
Fig. 4c, we plot the incident power spectrum normalized
by its maximum value, using a time domain simulation.
This is compared to the power measured in the waveguide
mode, normalized by the same value. By comparing the
integrals of these curves over the full frequency range, we
compute a total coupling efficiency of 11.3%. Fig. 4d
shows the coupling efficiency of the device as a function
of input frequency. In Fig. 4e we show the derivative of
the coupled power (corresponding to orange curve in Fig.
4c) with respect to the fill factor of the grating, using
FMD. In Fig. 4f we show the derivative of the coupling
efficiency (corresponding to Fig. 4d) with respect to the
fill factor of the grating, using FMD.
This results here provide another demonstration of how
FMD may be used to compute the exact derivative of a
cost function with multiple components with respect a
single input parameter using just one additional simula-
tion.
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FIG. 4. FMD analysis of the spectrum of a grating cou-
pler. a, A Si grating coupler (gray) is encased in a SiO2 sub-
strate (blue). A line source (red) above emits a pulse centered
at λ0 = 1550 nm with FWHM 100 fs at angle θ = 20 degrees.
The power in the waveguide mode (green) is measured as a
function of frequency. b, Frequency domain simulation of the
out of plane electric field (|Ez|2) normalized to its maximum
value at the central frequency, showing good coupling to the
waveguide mode. c, the normalized input power (blue) and
the normalized power measured in the waveguide (orange) as
a function of frequency. d, The coupling efficiency as a func-
tion of frequency (n). e, The derivative of the coupled power
with respect to the fill factor (η) of the grating, computed
with FMD as a function of frequency. f, The derivative of the
coupling efficiency (n) with respect to the fill factor (η) of the
grating, computed with FMD as a function of frequency.
IV. DISCUSSION
In this work, we introduced a forward differentiation
method for computing the gradient of a figure of merit
that is a function of an electromagnetic FDTD simula-
tion. We have shown that this method serves as an at-
tractive alternative to both adjoint-based and numerical
gradient calculation methods. For problems where there
are more output parameters than input parameters, the
benefits of this method over the adjoint method are sig-
nificant. Furthermore, this approach eliminates the need
to determine a numerical step size for each parameter,
the optimal value of which is generally difficult to deter-
mine with additional simulations.
Whereas forward differentiation is an approach that is
mentioned in applied math literature in the subject of
automatic differentiation, to our knowledge, it has never
been directly applied to an electromagnetic simulation.
An approach known as ‘complex step differentiation’ had
previously been applied to FDTD [17]. In this approach,
an imaginary-valued perturbation to each parameter is
applied, and the resulting finite-difference derivative suf-
fers from far less numerical error. While this technique
shares many of the benefits of forward differentiation, it
also requires a numerical step size and additional com-
plications, including a mechanism for handling complex-
valued electromagnetic fields in FDTD. In the quantum
information processing community, a similar approach
has been proposed for measuring exact gradients through
forward propagation of error signals [18]. While this is
an interesting technique that has parallels to FMD, it
requires specific conditions on the mathematical form of
the system which are not required in FMD.
As mentioned, the FMD approach is not preferred
when considering inverse design problems with few de-
sign objectives and multiple degrees of freedom in the
design parameters. For these applications, an adjoint
method is highly preferred in terms of speed. However,
there are many instances where FMD may be a useful
complement to adjoint methods. For example, one may
use FMD to compute the sensitivity of a device’s perfor-
mance when a dilation or contraction is applied to its ge-
ometric distribution [19, 20]. Additionally, the simplicity
of the FMD method makes it a good alternative to the ad-
joint method for inverse design parameters involving few
parameters, such as photonic crystal optimization [21].
Finally, FMD is a better alternative to finite-difference
derivatives when verifying the correctness of implemen-
tations of more complicated, exact methods, such as the
adjoint method.
To make the FMD and adjoint method presented in
this work more accessible, we have released an open-
source FDTD and FDFD package that features gradi-
ents computed by all three methods outlined in this pa-
per [22]. Our implementation makes use of automatic
differentiation to provide flexible usage and more robust
computation [23–25]
V. CONCLUSION
In conclusion, we have introduced a ‘forward differen-
tiation’ method for computing derivatives of quantities
computed via electromagnetic simulations. This method
may be thought of as an ‘exact’ alternative to numer-
ical, finite-difference approaches to derivative computa-
tion computation. Furthermore, we have shown that this
method is preferable to the adjoint method, in terms
of time complexity, for problems involving more output
quantities than input parameters. As such, this work will
present a useful alternative to existing gradient compu-
tation methods and enable more efficient modeling and
design of a wide range of components that are modelled
using Maxwell’s equations.
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APPENDIX
I. FREQUENCY-DOMAIN FORWARD-MODE DIFFERENTIATION
In a non-magnetic material with µ = µ0, Maxwell’s equations at steady state when driven by frequency ω are
described as
∇×∇× e−
(
ω
c0
)2
e = iωj, (S1)
where e is now a phasor and the physical electric fields have time dependence R{e eiωt}. The magnetic fields h may
be found by applying Maxwell’s equations to the electric field solution e.
Eq. (S1) is typically written in the more general form
A()e = b, (S2)
which is solved for e by finding
e = A()−1b, (S3)
As in the time domain case, let us now consider a function F (φ) where the i-th element is computed from the
electric field distribution through Fi = fi(e(t)). We now compare the computation of
dF
dφ through the adjoint and
FMD methods. To do this, following a treatment given in [8], we apply the chain rule to obtain
dF
dφ
=
∂f
∂e
· de
dφ
+
∂f
∂e∗
· de
∗
dφ
(S4)
= 2R
{
∂f
∂e
· de
dφ
}
(S5)
= −2R
{
∂f
∂e
·A−1 ∂A
∂φ
e
}
(S6)
In the adjoint method, Eq. (S6) is solved by applying a transpose and then evaluating the adjoint field
eadj = −A−T ∂f
∂e
T
(S7)
before plugging in the result to obtain
dF
dφ
(adj)
= 2R
{
eTadj
∂A
∂φ
e
}
(S8)
In FMD, however, we directly apply A−1 to the right of this expression, solving for the FMD derivative field
eFMD = A
−1 ∂A
∂φ
e (S9)
and expressing the final result as
dF
dφ
(FMD)
= −2R
{
∂f
∂e
· eFMD
}
(S10)
The correspondence with the time domain formalism of FMD given in the main text is apparent by inspetion.
II. DERIVATION OF ADJOINT SENSITIVITY FOR FDTD
In this Section, we derive the form of the adjoint sensitivity that was used in Section II of the main text. As before,
we wish to compute the Jacobian of function f with respect to its inputs φ, defined as follows
F (φ) =
∫ T
0
dt f(u(t), t) (S11)
S2
where the vector u(t) is given by the solution to an FDTD simulation, defined as the constraint.
g(u˙, u,φ, t) = A(φ) · u˙(t) +B · u(t) + c(t) = 0. (S12)
For convenience we set the initial condition u˙(0) = u(0) = 0. As shown in the main text, the adjoint method must
be applied once to compute the derivative of each output of F . Therefore, for convenience of notation, we consider a
scalar function F , with the understanding that the same method may be applied to each output of a vector function
F .
Here we derive the gradient of F using the adjoint method by an application of Lagrange multipliers. One first
defines the Lagrangian
L =
∫ T
0
dt
[
f(u(t,φ), t) + λ(t)Tg(u˙,u,φ, t)
]
, (S13)
where λ(t) is a vector of Lagrange multipliers. We note that, when the constraints are satisfied, g = 0, which means
L = F and dLdφ = dFdφ . Differentiating Eq. (S13) with respect to φ gives the following
dL
dφ
=
∫ T
0
dt
[
∂f
∂u
du
dφ
+ λT
∂g
∂u˙
du˙
dφ
+ λT
∂g
∂u
du
dφ
+ λT
∂g
∂φ
]
(S14)
The second term may be integrated by parts as follows∫ T
0
dt λT
∂g
∂u˙
du˙
dφ
= λT
∂g
∂u˙
du
dφ
∣∣∣T
0
−
∫ T
0
dt
[
λ˙T
∂g
∂u˙
+ λT
d
dt
∂g
∂u˙
]
du
dφ
, (S15)
which, when reinserted into Eq. (S14), gives
dL
dφ
=
∫ T
0
dt
[(
∂f
∂u
− λ˙T ∂g
∂u˙
+ λT
[
∂g
∂u
− d
dt
∂g
∂u˙
])
du
dφ
+ λT
∂g
∂φ
]
+ λT
∂g
∂u˙
du
dφ
∣∣∣T
0
(S16)
We now wish to choose λ to eliminate terms of dudφ from our expression, as these terms are not directly computable.
First, we choose the condition λ(T ) = , which, along with our original condition of u(0) = , eliminates the term
outside of the integral. To handle the terms within the integral, we may express λ(t) as the solution to
λ˙T
∂g
∂u˙
− λT
(
∂g
∂u
− d
dt
∂g
∂u˙
)
− ∂f
∂u
= T . (S17)
Plugging this form of λ into Eq. (S16) gives the following expression for the gradient
dL
dφ
=
dF
dφ
=
∫ T
0
dt
[
λT (t)
∂g
∂φ
(t)
]
. (S18)
In practice, rather than solving Eq. (S17) backwards in time from λ(T ) =  to λ(0), we may instead define
the time-reversed Lagrange multipliers λ˜(t) ≡ λ(T − t) which have the initial condition λ˜(0) =  and may be solved
forward in time. After substituting λ˜ into Eq. (S17), and applying a transpose, the time-reversed Lagrange multipliers
are the solution to
∂g
∂u˙
T
˙˜
λ+
(
∂g
∂u
T
− d
dt
∂g
∂u˙
T
)
λ˜+
∂f
∂u
T
= 0. (S19)
Importantly, we note that while λ˜ is evaluated at time t in Eq. (S19), all other terms are evaluated at time T − t
as they were not time reversed. Finally, in terms of λ˜, the gradient is
dF
dφ
=
∫ T
0
dt
[
λ˜T (T − t) ∂g
∂φ
(t)
]
, (S20)
or, written in terms of the original adjoint solution
dF
dφ
=
∫ T
0
dt
[
λT (t)
∂g
∂φ
(t)
]
, (S21)
S3
A. Application to Maxwell’s Equations
We now evaluate Eq. (S20) for a system obeying Maxwell’s equations. We take our unknown to be the set of electric
and magnetic fields, u(t) = [g(t), e(t)]T , and may derive the following expression for the constraint g(u˙,u,φ, t)
g(u˙,u,φ, t) = A(φ) · u˙(t) +B · u(t) + c(t) =  (S22)
=
[
−µ 0
0 (φ)
]
·
[
g˙
e˙
]
+
[
−σH ∇×
∇× −σE
]
·
[
g
e
]
+
[

j
]
=  (S23)
This is assuming a time-independent permittivity, permeability and conductivity, although the same analysis can
be applied in the time-dependent case. Note also that we have assumed that only the only φ dependence appears in
the permittivity distribution (φ), although this can be generalized to other degrees of freedom, such as the current
source, J , or conductivity distributions, σ, without complication.
The derivatives of g(u˙,u,φ, t) are needed in the adjoint and gradient equations of Eq. (S19) and Eq. (S20), which
are given by
∂g
∂u˙
= A(φ) =
[
−µ 0
0 (φ)
]
(S24)
∂g
∂u
= B =
[
−σH ∇×
∇× −σE
]
(S25)
∂g
∂φ
=
∂A
∂φ
u˙ =
[
0 0
0 ′
]
·
[
H˙
E˙
]
=
[
0
′ · E˙
]
(S26)
where ′ ≡ ∂∂φ defines how the permittivity distribution changes with a change of parameters φ. With these, the
expression for the time-reversed Lagrange multipliers λ˜ from Eq. (S19) becomes
AT · ˙˜λ+BT · λ˜+ ∂f
∂u
T
= 0, (S27)
To express these in terms of Maxwell’s Equations, we define the electromagnetic adjoint fields λ(t) ≡ [hadj, eadj]T
and their evaluations at T − t given by λ˜(t) ≡ [g˜adj(t), e˜adj(t)]T . The latter are given by the solution to Eq. (S27),
written with AT and BT from by Maxwell’s equations as[
−µT 0
0 (φ)T
]
·
[
˙˜g(τ)
˙˜e(τ)
]
+
[
−σTH ∇×
∇× −σTE
]
·
[
g˜(τ)
e˜(τ)
]
+
[
(∂f/∂h)
T
(T − τ)
(∂f/∂e)
T
(T − τ)
]
=  (S28)
Finally, in terms of g˜ and e˜, the gradient can be expressed as
dF
dφ
=
∫ T
0
dt
[
λ(t)T
∂g(t)
∂φ
]
(S29)
=
∫ T
0
dt
[
λ˜(T − t)T ∂A
∂φ
u˙(t)
]
(S30)
=
∫ T
0
dt
[ [
hadj(t), eadj(t)
]T
·
[
0
′ · e˙(t)
]]
(S31)
=
∫ T
0
dt
[
eadj(t) · ′ · e˙(t)
]
(S32)
. (S33)
Practically, when solving these equations numerically, it can be more convenient to put this in a slightly different
form. By integrating by parts, one can move the time derivative to the adjoint field
S4
dF
dφ
=
∫ T
0
dt
[
eadj(t) · ′ · e˙(t)
]
(S34)
= −
∫ T
0
dt
[
e˙adj(t) · ′ · e(t)
]
− eadj(t) · ′ · e(t)
∣∣∣∣∣
T
0
(S35)
= −
∫ T
0
dt
[
e˙adj(t) · ′ · e(t)
]
−eadj(T ) · ′ · e(T )− eadj(0) · ′ ·e(0) (S36)
= −
∫ T
0
dt
[
e˙adj(t) · ′ · e(t)
]
. (S37)
where the last line comes from the boundary conditions of e(0) = eadj(T ) = .
It is straightforward to show that e˙adj(t) can be identified as the electric fields (no time derivative) found when
running the adjoint problem with source ddt
∂f
∂u instead of
∂f
∂u , which is more practical when dealing with the algorithm
where computing time derivatives requires careful treatment of finite-difference derivatives.
III. EFFICIENT COMPUTATION OF THE ADJOINT INTEGRAL
To compute the adjoint sensitivity, one must compute Eq. (14), copied below as
dFi
dφ
=
∫ T
0
dt λi(t)
T · ∂A
∂φ
· u(t), (S38)
where λ is the adjoint field, u(t) is the forward field and ∂A∂φ is a rank three tensor of dimension (N ×m×N) and N
is the number of grid points in the domain.
Computed naively, this integral would amount to a time complexity of O(N2Tm) and the computation of the full
Jacobian would be O(N2Tmn). However, in practice, we may eliminate the m-dependence of this integral, which
results in the standard constant scaling of the adjoint method with respect to the number of inputs.
To do this, we first write Eq. (S39) in index notation, giving(
dF
dφ
)
k
=
∫ T
0
dt
∑
i,j
λi
∂Aij
∂φk
uj . (S39)
We note from Eq. (2) that A is diagonal, and therefore we may make the substitution
∂Aij
∂φk
= δij
dai
dφk
, (S40)
where ai is the value of Aii, corresponding to either a relative permittivity or permeability. Substituting into Eq.
(S39) gives (
dF
dφ
)
k
=
∫ T
0
dt
∑
i,j
λi
∂Aij
∂φk
uj (S41)
=
∫ T
0
dt
∑
i,j
λiδij
dai
dφk
uj (S42)
=
∫ T
0
dt
∑
i
dai
dφk
λiui (S43)
=
∫ T
0
dt
da
dφ
T
· (λ(t) u(t)) (S44)
=
da
dφ
T
·
[∫ T
0
dt (λ(t) u(t))
]
, (S45)
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where  is element-wise vector multiplication and a refers to the vector along the diagonal of A. Thus, we may first
perform
∫ T
0
dt λ(t) u(t) in O(NT ) time. In general, the matrix dadφ
T
is sparse because each free parameter φk will
only affect some subset of the spatial domain. This means that the complexity of the multiplication in Eq. (S45)
will be between O(NT ) and O(NTm), but closer to O(NT ) in general. Thus, the complexity of the total adjoint
calculation is O(NTn), as expected.
IV. SCALING COMPARISON OF METHODS
We now examine how the speed and memory scaling of each of these methods compare methods compare as a
function of the simulation parameters. As before, we assume a function F with m input parameters and n output
parameters. The evaluation of F involves running an FDTD simulation containing N points in the spatial grid and
T time steps. In each case, the storage of Jacobian itself requires a memory storage of O(mn) and a single FDTD
run may be completed in O(NT ) time complexity and requires a memory storage of O(N).
In the finite-difference approach, one must perform one independent FDTD simulation per input parameter. This
leads to a time complexity of O(NTm). The finite-difference calculation itself requires storage of a column of the
Jacobian and the subtraction of two vectors of length m, which adds no additional overhead in the memory complexity,
which scales as O(N +mn).
In FMD, one must first compute and store the full u(t) sequence. Then, for each input parameter, one FDTD
simulation must be performed along with the integral in Eq. (5), which gives a time complexity of O(NT (n + m)).
The corresponding memory complexity is O(NT +mn)
For the adjoint method, one must also compute and store the full u(t) sequence. Then, for each output parameter,
an adjoint FDTD simulation must be performed and the integral in Eq. (14) must be computed.
For the adjoint case, without any special techniques applied, one must store the entire forward field solution over
time. This results in a memory cost that scales asO(NT ). Although the final gradient computation requires knowledge
of the tensor, ′, which is of size N ×P ×N , there is no explicit need to store the full tensor in memory, so we ignore
this contribution.
By contrast, the numerical derivative only requires storage of the electric fields at each time step, which is already
required for the FDTD simulation, as well as the final figures of merit for each design parameter. This results in a
memory storage of O(N) +O(P ).
Like the numerical derivative, the forward difference approach requires running P additional FDTD simulations.
However, in this case, one must use the forward field solution to construct a source for each of these simulations.
Therefore, in a naive implementation, one must run each of these simulations in parallel with the forward simulation,
resulting in a memory storage of O(NP ). However, this memory storage is independent of T , which may result in
significant improvements in memory requirements in the case that the number of parameters is far fewer than the
number of time steps.
A. Time scaling
We now examine the computational time complexity required for each method. The calculation of u(t) requires a full
FDTD simulation, which has a time complexity of O(NT ). The first step of the adjoint gradient requires running two
FDTD simulations to compute the forward and adjoint fields. Therefore, this step has a time complexity of O(NT ).
The integral needed to compute the full sensitivity of Eq. (14), while generally requiring O(NTP ) operations, can be
neglected in almost all practical considerations, as discussed in the Appendix Material. Therefore, the time complexity
of the adjoint gradient is O(NT ).
To compute the derivative using finite differences, one must run P independent FDTD simulations then compute the
finite difference derivative of numerical derivative expression from Eq. (4). This gives a time complexity of O(NTP ).
The forward difference approach also requires running P independent simulations. To compute the gradient, one
may integrate Eq. (5), within the FDTD loop, which does not add additional scaling to the time complexity. Therefore,
like numerical derivatives, the forward differentiation method has a time complexity of O(NTP ).
B. Summary
A summary of the time and memory requirements of each method are given in Table S1.
S6
Method Time Complexity Memory Complexity
Numerical O(NTm) O(N)
FMD O(NTm) O(NT +Nn)
Adjoint O(NTn) O(NT +Nm)
TABLE S1. Comparison of memory and speed complexity of the three different gradient computation methods examined in
this work. N is the number of grid cells. T is the number of time steps. m and n are the number of input and output variables
of the function F . We assume n and m are each less than or equal to N .
